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Hyperplane Arrangements of rank 3 admitting an unbalanced Ziegler re-
striction are known to fulfil Terao’s conjecture. This long-standing conjecture
asks whether the freeness of an arrangement is determined by its combinator-
ics. In this note we prove that arrangements which admit a locally heavy flag
satisfy Terao’s conjecture which is a generalization of the statement above to
arbitrary dimension. To this end we extend results characterizing the freeness
of multiarrangements with a heavy hyperplane to those satisfying the weaker
notion of a locally heavy hyperplane. As a corollary we give a new proof that
irreducible arrangements with a generic hyperplane are totally non-free. In
another application we show that an irreducible multiarrangement of rank 3
with at least two locally heavy hyperplanes is not free.
1 Introduction
Inspired by singularity theory, K. Saito initiated the study of logarithmic vector fields
on hypersurfaces [Sai80]. In the special case of hyperplane arrangements H. Terao sub-
sequently showed that on can pass from analytic to algebraic consideration by introdu-
cing free arrangements [Ter80]. The long-standing open problem in this area is Terao’s
conjecture asserting the dependence of the freeness only on the combinatorics. The recent
approach to this problem, which gives a partial answer, is based on multiarrangements
due to Yoshinaga’s criterion in [Yos04], [Yos05], [AY13] and [Abe16].
In [AK18], the authors defined heavy and locally heavy hyperplanes in multiarrange-
ments and developed the theory of the former. As a main result heavy flags are intro-
duced as a class of arrangements for which Terao’s conjecture holds. The goal of this
note is to generalize this theory to locally heavy hyperplanes. We start by giving our
main definition of (locally) heavy hyperplanes.
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Definition 1.1. Let (A,m) be a multiarrangement in V = Kℓ.
(1) A hyperplane H0 ∈ A is called heavy if
m(H0) ≥
∑
L∈A, L 6=H0
m(L).
(2) A hyperplane H0 ∈ A is called locally heavy if
m(H0) ≥
∑
L∈AX , L 6=H0
m(L)
for all localizations (AX ,mX) with X ∈ A
H0 and |AX | ≥ 3.
An advantage of working with locally heavy hyperplanes in multiarrangements is that
the Euler restriction (AH ,m∗) onto a locally heavy hyperplane H0 is of a particular nice
shape, namely m∗(X) = |mX | −m(H0) for all X ∈ A
H0 . In particular, it is combinator-
ially determined which is usually not the case, since its definition is of algebraic nature
(cf. [ATW08]). This multiplicity on the restriction AH also coincides with the natural
generalization of Ziegler’s multirestriction to the setting of multiarrangements. We call
the restriction to a locally heavy hyperplane therefore an Euler–Ziegler restriction.
A main result of this article is a strengthening of Theorem 1.2 in [AK18] which es-
tablishes a connection between the freeness of a locally heavy multiarrangement and its
Euler–Ziegler restriction:
Theorem 1.2. Let (A,m) be a multiarrangement with a locally heavy hyperplane H0 ∈ A
with m0 := m(H0). Then
b2(A,m)−m0(|m| −m0) ≥ b2(A
H0 ,mH0), (1.1)
where b2(A,m) is the second Betti number of (A,m) (cf. [ATW07] for its definition).
Moreover, (A,m) is free if and only if the Euler–Ziegler restriction (AH0 ,mH0) of (A,m)
onto H0 is free, and Inequality (1.1) holds with equality.
The left hand side of Inequality (1.1) is the second Betti number of the multiarrange-
ment (A,m) away from the locally heavy hyperplane H0. This statement will be made
precise in Lemma 3.3.
The following example shows an easy application of Theorem 1.2 to the braid arrange-
ment A3.
Example 1.3. Consider the multiarrangement (A,m) given by the defining equation
Q(A,m) = xa(x− y)a(x− z)aya(y − z)azm0 ,
for some positive integers a and m0 with m0 ≥ 2a. Figure 1 shows a projectivized picture
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Figure 1: The projectivized picture of (A,m). The numbers in the intersections denote
the value of b2 in the localization along these flats where k :=
⌊
3a
2
⌋ ⌈
3a
2
⌉
.
of (A,m) where H0 := {z = 0} is the hyperplane at infinity. Note that by assumption
H0 is locally heavy. We can compute the left hand side of Inequality (1.1) as
2a2 + 2
⌊
3a
2
⌋⌈
3a
2
⌉
. (1.2)
On the other hand the Euler–Ziegler restriction to H0 has the defining equation Q(A
H0 ,mH0) =
x2ay2a(x− y)a. This restricted multiarrangement is of rank 2 and therefore free. It has
exp(AH0 ,mH0) =
(⌊
5a
2
⌋
,
⌈
5a
2
⌉)
as exponents and therefore
b2(A
H0 ,mH0) =
⌊
5a
2
⌋⌈
5a
2
⌉
. (1.3)
Hence, Theorem 1.2 shows that (A,m) is free if and only if the Expressions (1.2)
and (1.3) agree. A short computations yields that this is the case if and only if a = 1 in
which case (A,m) is free with exp(A,m) = (m0, 2, 3).
One of the most important open conjectures in the field of hyperplane arrangements is
Terao’s conjecture. It asks whether the freeness of an arrangement A is determined by its
intersection lattice L(A). In this note we will consider Terao’s conjecture for the special
class of arrangements which iteratively admit locally heavy Euler–Ziegler restrictions.
We call such a chain of restrictions a locally heavy flag:
Definition 1.4. Let A be an arrangement in V = Kℓ. A flag {Xi}
ℓ
i=0 of A with
Xi ∈ Li(A), i.e. codimXi = i, is called a locally heavy flag if Xi+1 ∈ A
Xi is locally
heavy in (AXi ,mXi) for i = 0, . . . , ℓ−1. Let LHFℓ be the set of hyperplane arrangements
in V = Kℓ such that every A ∈ LHFℓ admits a locally heavy flag.
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Theorem 1.2 yields a positive answer to Terao’s conjecture for the LHFℓ class of
arrangements which generalizes Corollary 1.8 in [AK18]:
Theorem 1.5. Let A be an arrangement in V = Kℓ which admits a locally heavy flag
{Xi}
ℓ
i=0. Then A is free with exp(A) = (m
X0(X1),m
X1(X2), . . . ,m
Xℓ−1(Xℓ)) if and only
if
b2(A) =
∑
0≤i<j≤ℓ−1
mXi(Xi+1)m
Xj (Xj+1). (1.4)
In this case, this flag is both a supersolvable filatration and a divisional flag as in [Abe16].
In particular, the freeness of any A ∈ LHFℓ depends only on its combinatorics, namely
its intersection lattice L(A).
We give an example of an arrangement in LHF4 whose freeness can be determined
combinatorially by Theorem 1.5:
Example 1.6. Let A in V = K4 be defined by
x(x− z + w)(x− z −w)(y − w)(y + w)(y − z)z(z + w)(z − w)w = 0,
Then, A has a locally heavy flag X0 := V , X1 := {w = 0} ∈ A, X2 := {w = z =
0} ∈ (AX1 ,mX1) and X3 := {w = z = y = 0} ∈ (A
X2 ,mX2), and X4 := 0. Then
it holds that mX0(X1) = 1, m
X1(X2) = 3, m
X2(X3) = 3 and m
X3(X4) = 3. So the
RHS of (1.4) evaluates to 1(3 + 3 + 3) + 3(3 + 3) + 3 · 3 = 36. We can compute that
b2(A) = 36. Therefore, Theorem 1.5 implies that A is free and any arrangement with
the same intersection lattice as A is free as well.
This article is organized as follows. In Section 2 we recall definitions and results
relevant for the proofs of the main results. These proofs will be given in Section 3. Sub-
sequently, we will consider two applications of the locally heaviness techniques. Firstly,
we will show in Section 4 that arrangements with a generic hyperplane are totally non-
free arrangements. Secondly, we will consider multiarrangements with multiple locally
heavy hyperplanes in Section 5.
Acknowledgements The first author is partially supported by JSPS KAKENHI
Grant-in-Aid for Scientific Research (B) 16H03924. The second author is supported by
ERC StG 716424 - CASe and a Minerva Fellowship of the Max Planck Society.
2 Preliminaries
In this section we fix some notations and introduce known results, which will be used in
the following proofs.
Let V be a vector space of dimension ℓ over a field K and S := S(V ∗) be the symmet-
ric algebra. We can choose coordinates x1, . . . , xℓ for V
∗ such that S = K[x1, . . . , xℓ].
A hyperplane H in V is a linear subspace of codimension 1. A (central) arrange-
ment of hyperplanes A is a finite collection of hyperplanes. This article is mainly
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concerned with multiarrangements, which are defined to be an arrangement of hy-
perplanes A with a multiplicity function m : A → Z>0. Multiarrangements were first
defined by Ziegler in [Zie89] and are denoted by (A,m). Define |m| :=
∑
H∈Am(H). A
multiarrangement (A,m) with m(H) = 1 for all H ∈ A is called a simple hyperplane
arrangement. For each hyperplane H we can choose a linear defining equation αH ∈ S.
Then Q(A,m) :=
∏
H∈A α
m(H)
H is the defining polynomial of a multiarrangement
(A,m). For L ∈ A we define the characteristic multiplicity δL : A → Z>0 of L by
setting δL(H) = 1 if H = L and 0 otherwise.
For an arrangement A the set of all non-empty intersections of elements of A is defined
to be the intersection lattice L(A), i.e.,
L(A) := {∩H∈BH | B ⊂ A}.
It is ordered by reverse inclusion and ranked by the codimension. Denote by Lr(A) :=
{X ∈ L(A) | codim(X) = r} the set of X ∈ L(A) with codimension r. For any X ⊂ V
let (AX ,mX) be the localization of (A,m) at X by defining AX := {H ∈ A | X ⊆ H}
and mX := m|AX .
A central notion of this article is the freeness of a (multi-)arrangement. The S-module
D(A,m) is the module of logarithmic derivations of (A,m) defined as
D(A,m) := {θ ∈ Der(S) | θ(αH) ∈ α
m(H)
H S for all H ∈ A},
where Der(S) is the module of all derivations on S. If D(A,m) is a free S-module,
we call (A,m) a free multiarrangement. In the case of a free multiarrangement
(A,m) one can choose a homogeneous basis θ1, . . . , θℓ of D(A,m). In this case we define
exp(A,m) = (pdeg θ1, . . . ,pdeg θℓ) to be the exponents of (A,m) where a derivation
θ ∈ Der(S) is homogeneous with pdeg θ = d if θ(α) is a homogeneous polynomial of
degree d for any α ∈ V ∗.
A useful result to decide the freeness of a multiarrangement is Saito’s criterion first
proved by K. Saito for simple arrangements [Sai80, Theorem 1.8] and by Ziegler for
multiarrangements [Zie89, Theorem 8]. For θ1, ..., θℓ ∈ D(A,m) define an (ℓ× ℓ)-matrix
M(θ1, ..., θℓ) by setting the (i, j)-th entry to be θj(xi).
Theorem 2.1. Let θ1, ..., θℓ be derivations in D(A,m). Then there exists some f ∈ S
such that
detM(θ1, ..., θℓ) = fQ(A,m).
Furthermore, the family (θ1, ..., θℓ) with θi ∈ D(A,m) forms a basis of D(A,m) if and
only if f ∈ K∗. In particular, if θ1, ..., θℓ are all homogeneous, then (θ1, ..., θℓ) forms a
basis of D(A,m) if and only if the following two conditions are satisfied:
(i) θ1, ..., θℓ are independent over S.
(ii)
∑ℓ
i=1 pdeg θi = |m|.
Next, we review the addition-deletion theorem for multiarrangements. Let (A,m) be
a multiarrangement and H0 ∈ A a fixed hyperplane. The deletion (A
′,m′) of (A,m)
with respect to H0 is defined as:
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(1) If m(H0) = 1 then A
′ := A \ {H0} and m
′(H) = m(H) for all H ∈ A′.
(2) If m(H0) ≥ 2 then A
′ := A and for H ∈ A′ = A, we set
m′(H) :=
{
m(H) if H 6= H0,
m(H0)− 1 if H = H0.
The restricted arrangement is defined by AH0 := {H0 ∩ H | H ∈ A \ {H0}}. Now for
X ∈ AH0 , the arrangement (AX ,mX) is of rank 2 and therefore always free (cf. [Zie89,
Corollary 7]). Hence, we can choose a basis {ζ1, . . . , ζℓ−2, θX , ψX} of D(AX ,mX) such
that pdeg ζi = 0, θX 6∈ αH0 DerK(S) and ψX ∈ αH0 DerK(S) (cf. [ATW08, Proposition
2.1]). Then the Euler multiplicity m∗ on AH0 is defined as m∗(X) := pdeg θX and
(AH0 ,m∗) is called the Euler restriction of (A,m). For the Euler restriction, one has
the following result.
Theorem 2.2. [ATW08, Theorem 0.8](Addition-Deletion Theorem for multiar-
rangements) Let (A,m) be a multiarrangment and H0 ∈ A. Then any two of the
following three statements imply the third:
(1) (A,m) is free with exp(A,m) = (d1, ..., dℓ−1, dℓ).
(2) (A′,m′) is free with exp(A′,m′) = (d1, ..., dℓ−1, dℓ − 1).
(3) (AH0 ,m∗) is free with exp(AH0 ,m∗) = (d1, ..., dℓ−1).
Another way of defining a multiplicity on the restriction of a multiarrangement (A,m)
to a hyperplane H0 is the Euler–Ziegler restriction (A
H0 ,mH0) defined by setting
mH0(X) = |mX | −m(H0)
for any X ∈ AH0 (cf. also [AK18]). For a simple arrangment A this definition agrees
with the classical Ziegler restriction (cf. [Zie89, Example 2]) which we therefore take
as its definition for this article.
If H0 is a locally heavy hyperplane in (A,m), we have m
∗(X) = mH0(X) by [ATW08,
Proposition 4.1]. Hence in the locally heavy case, the Euler restriction (AH0 ,m∗) coin-
cides with the Euler–Ziegler restriction (AH0 ,mH0).
Much of our work on locally heavy multiarrangements is motivated by and modelled
after results on simple arrangements. The corresponding result to Theorem 1.2 is the
following.
Theorem 2.3. [AY13, Theorem 5.1] Let A be an arrangment with a fixed hyperplane
H0 ∈ A and assume that ℓ ≥ 3. Let (A
H0 ,mH0) be the Ziegler restriction onto H0. Then
it holds that
b2(A)− (|A| − 1) ≥ b2
(
AH0 ,mH0
)
.
Moreover, A is free if and only if the above inequality is an equality, and (AH0 ,mH0) is
free.
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We restate two main results of [AK18] which will be used in the following proofs:
Theorem 2.4. [AK18, Theorem 1.2] Let (A,m) be a mulitarrangement and H0 ∈ A a
heavy hyperplane with m0 := m(H0). Then
b2(A,m)−m0(|m| −m0) ≥ b2(A
H0 ,mH0). (2.1)
where b2(A,m) is the second Betti number of (A,m) (cf. [ATW07, Definition 3.1]).
Moreover, (A,m) is free if and only if the Euler–Ziegler restriction (AH0 ,mH0) of (A,m)
onto H0 is free, and Inequality (2.1) is satisfied with equality. In this case, exp(A,m) =
(m0, d2, . . . , dℓ), where exp(A
H0 ,mH0) = (d2, . . . , dℓ).
Theorem 2.5. [AK18, Theorem 1.6] Let (A,m) be a multiarrangement and H ∈ A.
Then
b2(A,m)−m(H)(|m| −m(H)) ≥ b2(A
H ,m∗),
where (AH ,m∗) is the Euler restriction of (A,m) onto H.
Lastly, we quote a lemma relating the logarithmic derivations of a multiarrangement
with the ones of its restriction.
Lemma 2.6. [AK18, Lemma 3.2] Let (A,m) be a multiarrangement and fix a hyperplane
H0 ∈ A with H0 = kerαH0 . If δ ∈ D(A,m) and δ(αH0) = 0 then δ |H0∈ D(A
H0 ,mH0).
3 Proofs of the Main Results
The starting point of this article is the observation that locally heavy hyperplanes guar-
antee the existence of a distinguished derivation in its module of logarithmic derivations
playing a similar role as the Euler derivation for simple hyperplane arrangements. Such a
derivation is called a good summand in [AK18]. This statement is made precise in the
following proposition which generalizes Theorem 3.4 in [AK18] from heavy hyperplanes
to locally heavy hyperplanes.
Proposition 3.1. Let (A,m) be a multiarrangement with a locally heavy hyperplane
H0 ∈ A, say H0 = {α0 = 0} and set m0 := m(H0). Further assume that (A,m) is free
with exp(A,m) = (d1, . . . , dℓ). Choose a basis θ1 . . . , θℓ of D(A,m) with di = pdeg θi for
all 1 ≤ i ≤ ℓ. Then the following two statements hold:
(1) For some 1 ≤ j ≤ ℓ it holds that dj = m0 and θj(α0) = α
m0
0 .
(2) There exists a basis θ′1, . . . , θ
′
ℓ of D(A,m) such that θ
′
j(α0) = α
m0
0 and the projec-
tions to S/α0S of the remaining basis elements θ′1, . . . , θ
′
j−1, θ
′
j+1, . . . , θ
′
ℓ are S/α0S-
independent.
(3) The Euler restriction (AH0 ,m∗) is free.
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Proof. A change of coordinates allows us to assume α0 = x1. By definition of D(A,m)
we have θi(x1) = 0 for all i with di < m0. Theorem 2.1 (Saito’s criterion) ensures that
there exists 1 ≤ j ≤ ℓ such that θj(x1) 6= 0.
Assume for a contradiction di > m0 for all indices i with θi(x1) 6= 0 and hence
θi(x1) = 0 for all indices i with di ≤ m0.
Again by definition of D(A,m) we can choose polynomials fi ∈ S such that θi(x1) =
xm01 fi for 1 ≤ i ≤ ℓ. Hence, the Laplace expansion of M(θ1, . . . , θℓ) along its first row
yields
detM(θ1, . . . , θℓ) = x
m0
1
(
ℓ∑
i=1
(−1)i+1figi
)
,
where gi ∈ S is the minor of M(θ1, . . . , θℓ) with the first row and i-th column removed.
Therefore, Theorem 2.1 shows that Q(A,m) = xm01
(∑ℓ
i=1(−1)
i+1figi
)
.
Since xm0+11 ∤ Q(A,m) there exists an index, say ℓ, such that
fℓgℓ 6= 0 (3.1)
in S/x1S. In particular, we have
0 6= gℓ = det(θi(xk))i=1,...,ℓ−1,k=2,...,ℓ.
Hence, the derivations θ1, . . . , θℓ−1 are S/x1S-independent.
Furthermore, (3.1) implies fℓ 6= 0 and hence dℓ > m0 by assumption. Therefore,
deg gℓ = |m| − dℓ < |m| −m0 = |m
∗|, (3.2)
where the last equality holds since H0 is locally heavy in (A,m).
By Proposition 2.2 in [ATW08] the projected derivations θ1, . . . , θℓ−1 are elements of
D(AH0 ,m∗). Hence, Theorem 2.1 implies that there exists some f ∈ S such that
gℓ = fQ(A
H0 ,m∗).
Thus, deg gℓ ≥ |m
∗| which contradicts (3.2). Therefore our assumption is false and
we may without loss of generality assume θℓ(x1) = x
m0
1 which proves the claim (1) of
Proposition 3.1.
For (2) we may assume θℓ(x1) = x
m0
1 by the first part. We perform a change of basis
of D(A,m) by setting θ′i := θi−
θi(x1)
θℓ(x1)
θℓ for 1 ≤ i ≤ ℓ− 1 and θ
′
ℓ
:= θℓ. Hence, the family
θ′1, . . . , θ
′
ℓ also forms a basis of D(A,m) and it holds that θ
′
i(x1) = 0 for 1 ≤ i ≤ ℓ − 1.
Thus, the Laplace expansion of the first row of the Saito matrix M(θ′1, . . . , θ
′
ℓ) yields
that the projected derivations θ′1, . . . , θ
′
ℓ−1 are S/x1S-independent in D(A
H0 ,m∗).
Lastly, for (3) note that
d1 + · · ·+ dℓ−1 = |m| − dℓ = |m| −m0 = |m
∗|.
Thus, Saito’s criterion (Theorem 2.1) shows that the family θ′1, . . . , θ
′
ℓ−1 forms a basis of
D(AH0 ,m∗) which completes the proof.
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As a corollary to this proposition we obtain a strengthening of Proposition 3.6 in [AK18]:
Corollary 3.2. Let (A,m) be a multiarrangement with H0 ∈ A such that H0 is locally
heavy. Then the following are equivalent:
(1) (A,m) is free.
(2) (A,m+ kδH0) is free for some k ∈ Z such that H0 is also locally heavy in (A,m+
kδH0).
(3) (A,m+ kδH0) is free for all k ∈ Z such that H0 is locally heavy in (A,m+ kδH0).
Note that k is allowed to be negative in (2) and (3).
Proof. Assume that (A,m) is free. Proposition 3.1 then implies that exp(A,m) =
(m0, d2, . . . dℓ) holds and (A
H0 ,mH0) is also free with exp(AH0 ,mH0) = (d2, . . . dℓ). This
Euler–Ziegler restriction (AH0 ,mH0) coincides with the Euler restriction (AH0 ,m∗) on
AH0 since H0 is a locally heavy hyperplane. So repeated applications of the addition in
Theorem 2.2 yields the freeness of (A,m + kδH) since this arrangement and all inter-
mediate arrangements are locally heavy by assumption with the identical Euler–Ziegler
restriction. Conversely, if one assumes that (A,m + kδH) is free, the same argument
with the deletion part of Theorem 2.2 shows the freeness of (A,m).
Before proving Theorem 1.2 we give another Lemma:
Lemma 3.3. Let (A,m) be a multiarrangement and H0 ∈ A a locally heavy hyperplane
with m0 := m(H0). Then
b2(A,m)−m0(|m| −m0) =
∑
X∈L2(A),
X 6⊂H0
b2(AX ,mX).
Proof. The local-global formula (Theorem 3.3 in [ATW07]) enables us to express the
second Betti number of (A,m) as
b2(A,m) =
∑
X∈L2(A)
b2(AX ,mX)
=
∑
X∈L2(A),
X⊂H0
b2(AX ,mX) +
∑
X∈L2(A),
X 6⊂H0
b2(AX ,mX). (3.3)
Hence, it suffices to prove that the first summand in (3.3) equals m0(|m| −m0).
In each localization (AX ,mX) with X ∈ L2(A) and X ⊂ H0 the hyperplane H0
is heavy by the definition of locally heavy. Thus, these localizations are free with
exp(AX ,mX) = (m0, |mX | − m0), cf. e.g. [Yos14, Proposition 1.23 (i)], and therefore
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we obtain b2(AX ,mX) = m0(|mX | −m0). Hence, we can compute∑
X∈L2(A),
X⊂H0
b2(AX ,mX) =
∑
X∈L2(A),
X⊂H0
m0(|mX | −m0)
= m0
 ∑
X∈L2(A),
X⊂H0
∑
K∈AX ,
K 6=H0
m(K)
 (3.4)
= m0(|m| −m0).
The double sum in Equation (3.4) counts the multiplicity of each hyperplane in A differ-
ent from H0 exactly once since each such hyperplane intersects H0 exactly once. Thus,
this double sum equals |m| −m0 which completes the proof.
Combining the results derived so far, we are now able to prove Theorem 1.2:
Proof of Theorem 1.2. By the assumption that H0 is locally heavy in (A,m), the Euler
restriction (AH0 ,m∗) coincides with the Euler–Ziegler restriction (AH0 ,mH0). Therefore,
the inequality (1.1) follows immediately from Theorem 2.5.
For the characterization of the freeness of (A,m) in the second part of Theorem 1.2, we
fix some k ∈ N such that H0 is a heavy hyperplane in (A,m+ kδH0). By Corollary 3.2
(A,m) is free if and only if (A,m + kδH0) is free. Lemma 3.3 implies that the left
hand side of Inequality (1.1), namely b2(A,m) −m0(|m| −m0), agrees for (A,m) and
(A,m + kδH0). Lastly by its definition, the Euler–Ziegler restriction (A
H0 ,mH0) is
independent of the multiplicity of H0 and hence it agrees for (A,m) and (A,m+ kδH0)
too. So in total, the characterization of freeness for (A,m) follows immediately from the
analogous characterization for (A,m+ kδH0) in Theorem 2.4.
The proof of Theorem 1.5 is very similar to the corresponding Theorem 1.7 in [AK18].
We give it in its modified form for the sake of completeness.
Proof of Theorem 1.5. Agree that A =
(
AX0 ,mX0
)
, where mX0(H) = 1 for all H ∈ A.
Theorem 2.3 applied to A yields
A is free⇔
(
AX1 ,mX1
)
is free and b2(A)−
(∣∣mX0∣∣− 1) = b2 (AX1 ,mX1) . (3.5)
Note that
((
AXi
)Xi+1 , (mXi)Xi+1) = (AXi+1 ,mXi+1) and the hyperplane Xi+2 is loc-
ally heavy in the multiarrangement
(
AXi+1 ,mXi+1
)
for i = 1, . . . , ℓ − 3. In accordance
with [AK18], we will write bH2 (A,m) = b2(A,m) −m(H)(|m| −m(H)) to simplify our
notation in the following. Hence we can apply Theorem 1.2 to obtain, for i = 1, . . . , ℓ−3,(
AXi ,mXi
)
is free⇔ (3.6)(
AXi+1 ,mXi+1
)
is free and b
Xi+1
2
(
AXi ,mXi
)
= b2
(
AXi+1 ,mXi+1
)
.
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Since
(
AXℓ−2 ,mXℓ−2
)
is a multiarrangement of rank 2, it is always free (cf. [Zie89]). So
we can iteratively link the statements (3.5) and (3.6) to obtain
A is free⇔ b
Xi+1
2
(
AXi ,mXi
)
= b2
(
AXi+1 ,mXi+1
)
for all i = 0, . . . , ℓ− 3. (3.7)
Since Theorems 2.3 and 1.2 imply that b
Xi+1
2
(
AXi ,mXi
)
≥ b2
(
AXi+1 ,mXi+1
)
for all
i = 0, . . . , ℓ− 3, the right-hand side of (3.7) is equivalent to
ℓ−3∑
i=0
b
Xi+1
2
(
AXi ,mXi
)
=
ℓ−3∑
i=0
b2
(
AXi+1 ,mXi+1
)
. (3.8)
Noting that
b
Xi+1
2 (A
Xi ,mXi) = b2(A
Xi ,mXi)−mXi(Xi+1)(|m
Xi | −mXi(Xi+1))
we find that (3.8) is in fact equivalent to
b2(A)−
ℓ−3∑
i=0
mXi(Xi+1)
(∣∣mXi∣∣−mXi(Xi+1)) = b2 (AXℓ−2 ,mXℓ−2) . (3.9)
Since exp
(
AXℓ−2 ,mXℓ−2
)
=
(
mXℓ−2(Xℓ−1),
∣∣mXℓ−2∣∣−mXℓ−2(Xℓ−1)), we have
b2
(
AXℓ−2 ,mXℓ−2
)
= mXℓ−2(Xℓ−1)
(∣∣mXℓ−2∣∣−mXℓ−2(Xℓ−1)) .
This shows that (3.9) is equivalent to
b2(A) =
ℓ−2∑
i=0
mXi(Xi+1)
(∣∣mXi∣∣−mXi(Xi+1)) .
Since
∣∣mXi∣∣ =∑ℓ−1j=i mXj(Xj+1), the above equality is equivalent to
b2(A) =
ℓ−2∑
i=0
mXi(Xi+1)
 ℓ−1∑
j=i+1
mXj (Xj+1))

=
∑
0≤i<j≤ℓ−1
mXi(Xi+1)m
Xj (Xj+1)
This completes the first part of the proof, since by (3.7) this is equivalent to A being
free.
The characteristic polynomial χ(A; t), and in particular also b2(A), of a simple arrang-
ment A is combinatorially determined. The same holds true for the multiplicities of the
Euler-Ziegler restrictions. Therefore the freeness of any arrangement in LHFℓ depends
only on its combinatorics. For the supersolvablity, use Proposition 4.2 in [Abe17].
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4 Totally Non-Freeness and Generic Hyperplanes
Before stating the main result of this section we make the following definitions:
Definition 4.1. An arrangement A in a vector space V is called reducible if after a
change of coordinates A = A1 ×A2 where Ai is an arrangements of hyperplanes in the
vector space Vi for i = 1, 2 such that V1⊕V2 = V . Otherwise, A is called irreducible. A
hyperplane H in an arrangement A is defined to be a generic hyperplane if |AX | = 2
for all X ∈ L2(A) with X ⊂ H. If all hyperplanes in A are generic the arrangement A
is defined to be a generic arrangement.
Definition 4.2. [ATW08, Definition 5.4] An arrangement A is called totally non-free
if for any multiplicity m : A → Z>0 the multiarrangement (A,m) is not free.
Yoshinaga showed that an irreducible generic arrangement of rank greater than 2 is
totally non-free [Yos10]. A simple irreducible arrangement of rank greater than 2 which
contains a generic hyperplane is known to be not free, cf. [OT92]. Recently, DiPasquale
generalized this fact to multiarrangements by showing that such an arrangement is totally
non-free [DiP18, Corollary 4.13]. We obtain another proof of this result as a corollary
of our locally heaviness technique.
Corollary 4.3. Let A be an irreducible arrangement of rank greater than 2 with a generic
hyperplane H0 ∈ A. Then A is totally non-free.
Before proving this corollary, we recall a known auxiliary lemma:
Lemma 4.4. Let (A,m) be an irreducible multiarrangement with m 6≡ 1. Then for any
non-zero θ ∈ D(A,m) it holds that pdeg θ ≥ 2.
Proof. For a graded S-module M we denote by Mk the k-th graded piece of M . We
will firstly show that D(A)0 = 0 and D(A) = 〈θE〉S where θE =
∑ℓ
i=1 xi∂xi is the Euler
derivation.
Assume there is a θ ∈ D(A)0. Hence, θ =
∑ℓ
i=0 ci∂xi for some ci ∈ K for i = 1, . . . , ℓ
and we set c := (c1, . . . , cℓ). Therefore, for any H ∈ A we have 0 = θ(αH) = c · αH ,
which contradicts A being irreducible.
Secondly, consider a θ ∈ D(A)1 with θ /∈ 〈θE〉S and write again θ =
∑ℓ
i=0 fi∂xi for
some fi ∈ S1 for i = 1, . . . , ℓ. Since A is irreducible by assumption we may assume that
A contains the hyperplanes Hi := {xi = 0} for all 1 ≤ i ≤ ℓ. Since θ(xi) = fi we find
that fi = cixi for suitable ci ∈ K for all 1 ≤ i ≤ ℓ. By subtracting the scaled Euler
derivation c1θE from θ we can assume c1 = 0, i.e. θ(x1) = 0 and θ 6= 0 since θ is not
a multiple of θE. This however implies that the defining linear equations of A except
for H1 only involve the variables x2, . . . , xℓ since any hyperplane in both x1 and any
other variable would contradict θ ∈ D(A). This is a contradiction to the fact that A is
irreducible which finishes the proof of our claim.
Now finally, we have D(A)k ⊇ D(A,m)k by definition of the derivation module. By
assumption, there is H ∈ A with m(H) > 1. Hence, θE(αH) = αH /∈ α
m(H)
H S which
implies θE /∈ D(A,m). In light of the first part of the proof, we obtain D(A,m)0 = 0
and D(A,m)1 = 0.
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Proof of Corollary 4.3. Assume (A,m) is free for some multiplicity m with exp(A,m) =
(d1, . . . , dℓ). Firstly, we consider the case m0 := m(H0) = 1. In the case of a simple
arrangement, i.e. m(H) = 1 for all H ∈ A, (A,m) is known to be not free. So we may
assume m 6≡ 1. By assumption, the hyperplane H0 is generic in A which implies for the
Euler restriction (AH0 ,m∗) of (A,m) onto H0
|m∗| = |m| −m0 = |m| − 1.
The fact that the arrangement A is irreducible and m 6≡ 1 yields di ≥ 2 for all 1 ≤ i ≤ ℓ
by Lemma 4.4. Furthermore, by Proposition 3.1 at least one of the (ℓ− 1) subsets of a
basis of D(A,m) forms a basis of D(AH0 ,m∗). So by combining the above statements
with Saito’s criterion we obtain
|m| − 1 = |m∗| ≤ |m| − 2,
which is a contradiction and hence (A,m) is not free.
As a second case, we assumem0 > 1. SinceH0 is a generic hyperplane it is by defintion
also locally heavy in the multiarrangement (A,m). Hence, Corollary 3.2 implies that
(A,m) is free if and only if (A, m˜) is free where the multiplicity m˜ is defined as
m˜(H) :=
{
1 if H = H0,
m(H) otherwise.
However, the multiarrangement (A, m˜) is not free by the first case which completes the
proof.
5 Multiple Locally Heavy Hyperplanes
In contrast to heavy hyperplanes a multiarrangement can have multiple locally heavy
hyperplanes. The following results show that in this case the multiarrangement is not
free unless its combinatorics is of a special nature.
Theorem 5.1. Let (A,m) be a multiarrangement with two locally heavy hyperplanes
H,K ∈ A. Then we have:
(1) If (A,m) has rank 3, it is free if and only if it is reducible.
(2) Assume (A,m) has rank ℓ > 3, and there exists an X ∈ L3(A) with X ⊂ H ∩ L
such that AX is reducible as AX = ∅ℓ−3 × A˜X where ∅d is the empty arrangement
in a Kd and A˜X is irreducible. Then (A,m) is not free.
Proof. For (1) note that a reducible rank 3 multiarrangement is always free since any rank
2 multiarrangement is free. So let (A,m) be irreducible of rank 3 and assume it is free.
Then by Proposition 3.1 we have exp(A,m) = (m(H),m(L), d3). Theorem 1.2 now yields
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that (AH ,mH) is free with exp(AH ,mH) = (m(L), d3) and hence b2(A
H ,mH) = m(L)d3.
On the other hand, Theorem 1.2 also shows
b2(A,m)−m(H)(|m| −m(H)) = b2(A
H ,mH) = m(L)d3. (5.1)
By Lemma 3.3, the left hand side of this equation can computed as
b2(A,m)−m(H)(|m| −m(H)) =
∑
X∈L2(A),
X 6⊂H
b2(AX ,mX)
=
∑
X∈L2(A),
X 6⊂H
X⊂K
b2(AX ,mX) +
∑
X∈L2(A),
X 6⊂H
X 6⊂K
b2(AX ,mX)
= m(L)d3 +
∑
X∈L2(A),
X 6⊂H
X 6⊂K
b2(AX ,mX),
where the last equation holds since K is locally heavy and it intersects all remaining
hyperplanes whose multiplicties sum to d3. Since (A,m) is irreducible there is at least
one X ∈ L2(A) with X 6⊂ H and X 6⊂ K. Hence, the second summand in the above
equation is strictly positive which is a contradiction to Equation (5.1). Therefore, (A,m)
is not free in this case.
For (2) assume again that (A,m) is free. Now consider the localization (AX ,mX)
which is also free since any localization of a free is multiarrangement is free. The rank
3 multiarrangement (AX ,mX) contains the hyperplanes H,K which are clearly also
locally heavy in (AX ,mX). Furthermore, (AX ,mX) contains the irreducible component
(A˜X ,mX) by assumption. Hence, by part (1) the multiarrangement (AX ,mX) is not
free which is a contradiction. Thus, (A,m) is not free.
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